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-ABSTRACT 

(U)--The  existing  method  of  x-ray  determination  of  elastic  constants 
requires  several  tens  of  x-ray  photographs  to  be  taken,  which  is  very 
tedious.  In  order  to  simplify  the  method  of  determining  the  elastic  | 
constants,  author  transforms  the  formulas  of  the  relative  strains  ^ 

in  different  directions  for  the  case  of  a  linear  strained  state  in  j 

such  a  way  that  the  stresses  and  modulus  of  elasticity  are  eliminated.  ? 
Poisson's  coefficient  then  is  expressed  in  terms  of  three  interplane  f 
distances  of  the  atomic  planes.  As  a  result,  for  the  determination  s 

of  Poisson's  coefficient,  one  may  confine  oneself  to  taking  only  ! 

three  x-ray  photographs.  To  find  the  modulus  of  elasticity  one  needs  j 
also  to  know  the  stresses  arising  in  the  object.  This  method  was  tested} 
on  specimens  of  armco— iron,  A  URS-501M  apparatus  was  used.  t 

Author  shows  that  a  similar  method  also  is  possible  for  the  plane  ? 

stressed  state,  but  that  in  this  case  at  least  four  x-ray  photographs 
must  be  taken.  ; 
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X-RAY  DETERMINATION  OP  ELASTIC  CONSTANTS  E  AND  v 

M.  M.  Shved 

We  derive  formulas  for  determining  the  elastic 
constants  E  and  v  during  uniaxial  extension  or 
compression  in  the  plane-stressed  state. 

Experimentally  determine  the  elastic  constants 
of  Armco  iron  during  uniaxial  extension. 

It  is  known  [2]  that  the  calculation  of  residual  stresses  by 
the  x-ray  method  using  elastic  constants  obtained  from  mechanical  tests 
leads  to  great  discrepancies  between  the  stresses  measured  by  the 
x-ray  method  and  mechanically-measured  stresses.  Therefore  when 
measuring  residual  stresses  by  the  x-ray  method  it  is  best  to  use 
elastic  constants  found  directly  from  experiment. 

At  present  there  exists  a  method  [1]  which  makes  it  possible, 
using  x-ray  photographs  taken  for  various  applied  forces  and  at 
various  angles  with  respect  to  the  direction  of  the  applied  forces, 
to  determine  individually  the  elastic  constants  E  and  v.  However, 
the  unwieldiness  of  the  experiments  makes  this  method  unsuitable. 

For  example,  in  order  to  determine  the  elastic  constants  for  Armco 
iron  it  was  necessary  to  take  about  80  x-ray  photographs  at  various 
stresses  applied  to  the  Investigated  specimen  and  at  various  angles 
to  the  direction  of  the  applied  forces  [1].  In  addition,  the  authors 
[1]  presupposed  that  the  elastic  constants  do  not  change  with  Increas¬ 
ing  stresses.  In  this  paper  we  propose  a  simpler  x-ray  method  for 
Individual  determination  of  E  and  v. 
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Determining  Elastic  Constants  E  and  \>  v'ith  Uniaxial 
Extension  or  Compression 

From  the  theory  of  elasticity  [3],  the  deformation  in  direction 
f  for  uniaxial  extension  or  compression  (Fig-  1)  will  be 

t(ait  y  =  Jj.  ( 1) 

where  \jj  is  the  angle  between  the  normal  to  the  applied  stresses  and 
the  direction  of  the  measured  deformation;  is  the  magnitude  of 
the  applied  stresses;  v  is  the  Poisson  ratio;  E  is  Young’s  modulus. 


When  $  -  0 


e(°i.  ij<==  0)  =  — at 


(2) 


If  the  relative  deformation  is  represented  as  the  deformation 
of  the  interplanar  spacings,  then  from  (1)  and  (2)  we  get, 
respectively. 


f!+v 

[-E-? 


Sjd*$ 


(3) 

(4) 


where  d^  is  the  interplanar  spacing  of  atomic  planes  in  direction  $ 
for  a  specimen  in  the  stressed  state;  d^  is  the  interplanar  spacing 
of  atomic  planes  with  the  same  indices  In  a  direction  normal  to  the 
applied  forces  for  a  specimen  in  the  stressed  state;  dQ  Is  the 
interplanar  spacing  of  atomic  planes  with  the  same  Indices  for  a 
specimen  in  the  unstressed  state. 


If  we  subtract  (4)  from  (3)  we  get 


(5) 
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Dividing  (4)  by  (5)  we  get 

_ _  v _ 

—  dL  {1  4-  v)  sin*  if 


(6) 


From  this. 


v  = 


(d,-~d±)  start 


(7) 


From  equation  (7)  it  is  obvious  that  we  can  determine  the 
Poisson  ratio  by  applying  any  force,  under  uniaxial  extension  or 
compression  and  measuring  d^,  d,,-  d^  and  p.  We  need  not  know  the 
magnitude  of  the  applied  forces  in  this  case  - .. 

With  uniaxial  extension  the  interplanar  spacings  in  the  direction 

of  the  applied  forces  increase;  in  the  direction  normal  to  the  applied 

forces  they  decrease.  Obviously,  there  exists  a  direction  along 

which  the  interplanar  spacings  do  not  change,  i.e. ,  the  deformation 

in  this  direction  equals  zero.  For  such  a  direction  d.  -  drt  and 

p  0 

equation  (7)  assumes  the  form 

v  =  tg***  (8) 


An  analogous  expression  can  also  be  obtained  for  -uniaxial  compression. 
From  equation  (8)  it  is  obvious  that  for  uniaxial  extension  or 
compression  the  Poisson  ratio  is  the  square  of  the  tangent  of  the 
angle  between  the  normal  to  the  applied  forces  and  the  direction 
along  which  deformation  equals  zero. 
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Pop  an  unstrc&asu  puly cpy ;> i>ctl j-ine  specimen  the  interpianar 
spacings  of  the  atomic  planes  with  identical  indices  are  identical 
in  all  directions,  and  they  can  be  represented  in  the  form  of  a 
sphere  of  radius  d^.  With  uniaxial  extension  or  compression  the 
sphere  assumes  the  form  of  an  ellipsoid  of  rotation  (axis  of 
rotation  —  the  direction  of  the  applied  forces).  Connecting  the 
points  of  intersection  of  the  sphere  and  the  ellipsoid  of  rotation 
with  the  center  of  the  sphere  we  get  the  directions  along  which  the 
deformation  is  zero  (d^  =  dQ).  Figure  2  shows  the  intersection  of 
the  ellipsoid  of  rotation  and  the  sphere  for  uniaxial  extension 
(the  cross  section  of  the  plane  passing  through  the  direction  of 
the  applied  forces ) . 

Thus,  knowing  the  Poisson  ratio,  we  can  determine  the  direction 
along  which  deformation  is  zero,  and  vice  versa.  We  should  stress 
that  the  points  of  intersection  of  the  sphere  with  the  ellipsoid  of 
rotation  remain  in  place  with  a  change  in  the  applied  forces  until 
the  Poisson  ratio  begins  to  depend  on  the  magnitude  of  the  defor¬ 
mation. 


From  (6)  we  get 


4,  -  dx  —  l±^(dx  —  rfgjsiri**. 


(9) 


From  this  it  is  evident  that  d^  is  a  linear  function  of  sin 
while  the  derivative 


dd„  1  4-  v 

dsin**=  v'tdx~ds) 


(10) 


characterizes  the  slope  of  line  (9).  At  point  d 


,  -  d_  this  function 
$  0 


will  intersect  the  line  dn  =  const.  The  projection  of  the  point  of 

u  2 

intersection  of  these  lines  onto  axis  sin  $  makes  it  possible  to 
2  2 

determine  sin  ip*  (Fig.  3)-  Knowing  sin  we  can  determine  and 
q  u  o  o 

tg~$0  or  v.  With  a  change  in  the  stresses  applied  to  the  specimen, 
the  point  of  intersection  of  these  lines  does  not  change  (see  Fig.  3), 
so  long  as  the  Poisson  ratio  remains  constant,  i.e.,  until  the 
Poisson  ratio  begins  to  depend  on  the  applied  forces.  From  this  it 


is  evident  that  the  Poisson  ratio  can  be  determined  for  any  stresses, 
which  makes  it  possible  to  investigate  its  dependence  on  the 
magnitude  of  the  applied  stresses . 

Having  determined  the  Poisson  ratio,  we  can  easily  determine 
Young's  modulus,  but  for  this  we  must  know,  besides  d^  and  dQ,  the 
magnitude  of  the  stresses  applied  to  the  specimen,  as  follows  from 
(K): 


&?r 

Fig.  2.  Fig-  3- 


In  this  paper  we  have  determined  experimentally  Young's  modulus 
E  and  the  Poisson  ratio  v  for  three  samples  of  Armco  iron  under 
uniaxial  extension.  The  measurements  were  mads  on  the  URS-50IM 
installation  in  cobalt  rays;  calculation  was  done  along  line  ( 31Q) ♦ 
The  measurement  and  calculation  results  are  given  in  the  following 
table. 
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It  is  nine  euuy  to  calculate  the?  elastic  constants  using 
equations  (7)  and  (11)  from  the  data  in  [1]}  this  can  bo  don®  for 
each  point  of  any  of  the  graphs  given  in  this  work. 

The  accuracy  of  our  proposed  method  of  individual  determination 
of  the  elastic  constants  coincides  with  that  of  [1],  since  in  both 
cases  the  accuracy  in  determining  E  and  v  depends  on  the  accuracy 
of  measuring  the  interplanar  spacings ,  the  accuracy  of  measuring 
t lr,  and  the  value  of  the  applied  stresses. 

Determination  of  the  Elastic  Constants  in  the 
Plane-Parallel  State 

Prom  the  theory  of  elasticity  [2],  for  the  plane-parallel  state 
the  deformation  in  direction  t p 

|  X  y  y 

m  C0|f  <10* <J>)  »ln* *  —  ^-(e,  +*»).  ( 12 ) 

•  '  '  i  » 

t  it 

where  is  the  angle  between  the  normal  to  the  plane  of  the  applied 
forces  and  the  direction  of  the  measured  deformation;  $  is  the  angle 
between  the  projection  of  the  ipeasured  deformation  onto  plane 
a 2  and  the  principal  stress  and  c2  are  principal  stresses;' 

E  is  Young's  modulus;  and  v  is  the  Poisson  ratio. 

For  deformation  in  direction  $  ■  a,  ^  (Pig.  4),  from  equation 
(12)  we  have 

(«i o  +  Oi  *ln*  a)  *fn*  ^ (a,  +  a,);  ( 1 3 ) 

for  deformation  in  direction  $  ■  J  +  a,  ^  1 

1  V  V 

— £-•  «  +  c, co»* a) *fn*  ip,  —  g-  (*»+*»);  ( 1  If ) 

for  deformation  in  a  direction  normal  to  the  surface  of  the  specimen 
(perpendicular  to  plane  cr^»  cr2) 


If  deformation  in  each  direction  is  represented  as  the 
deformation  of  the  interplanar  spaeings,  then  from  (13),  (14),  and 
(15)  we  get,  respectively. 


*?**! _ ff?  _  (otcos*a  -f  oasjn2a) sin* it,  —  Z-fa  -f-  o*}; 

4i  '  £  * 


(16) 


4*  —4.  • 

^  1  -f  V 


(c,  sin*  a  -f  a,  cos1  a)  sin*  ip,  —  (ai4a*)'- 


(■17) 


4,  =  — + 


(18) 


where  d 


.  is  the  interplanar  spacing  of  at 


omic  nlanes  in  direction 


a,  ^  for  a  specimen  in  the  stressed  state;  4(„./2)+q  ip  * s 


interplanar  spacing  of  atomic  planes  with  the  same  indices  In 


direction  (ir/2)  +  a,  ip^  for  a  specimen  in  the  stressed  state;  d^  is 


the  interplanar  spacing  of  atomic  planes  with  the  same  indices  in  a 
direction  normal  to  the  surface  of  the  specimen  In  the  stressed  state 
dQ  is  the  Interplanar  spacing  of  atomic  planes  with  the  same  indices 
for  a  specimen  in  the  unstressed  state. 


If  from  (16)  we  subtract  (-18)  and  divide  the  resulting  equation 
2 

by  sin  ,  we  get 

(V. COS’O  -f  0,b.-.*Q).  ( lg ) 


FTD-HT-2 3- 1137-88 


7 


0»«U4*  >»  «  a4*  4  /  T  Q  \  f*  v»a»*»  /  T  *7  \  ft  ‘t  ^  r»  4"  Vi  ft  vm  r»  n  1  4*  Vi  ■» »  n  4  v»  il>  »  *  a  x» 

uuui/i  av/i/±iig  \  j.v  y  x  x  uiu  \x|  /  ai  i  v*  ux  yxuxuj)  uuv  x  vuuj  w  jr  oxu  i|/.  wc  £>c: 


da  —d. 

£+»•♦*  X  }+Vi 


'  -  -.  —  =  ~-(o,sin5a  +  a,  cos’ a). 

i  * 

Let  us  add  (19)  and  (20): 

dx  .  -d. 


(20) 


fUzji  4.  x±!^_i  =  L+jr/0  4-0  > 


(21) 


Using  (18),  from  (21)  we  find  the  Poisson  ratio 


V  ss 


4>-*x 


j  j  dn  — d 

d  d  I  d°*‘  - dj-  I  1 

**■  a°+  sin*  +  sln*i|»t 


(22) 


As  can  be  seen  from  (22),  in  the  asymmetric  plane-parallel  state 
we  can  determine  the  Poisson  ratio  from  three  x-ray  photographs  taken 
of  the  stressed  specimen  (perpendicular  to  plane  or.,  a 2;  at  angle 
a,  and  at  angle  (tt/2)  +  a,  \p2)  and  from  one  x-ray  photograph 
taken  of  an  unstressed  specimen.  It  should  be  stressed  that  to 
determine  the  Poisson  ratio  in  the  plane-parallel  state  we  need  not 
know  the  magnitude  nor  the  direction  of  the  applied  stresses. 


r+o.f»  ^°* 


For  the  directions  along  which  deformation  equals  zero, 

=  and 

then  equation  (22)  has  the  form 

1 


v  = 


1 


1 


sm*^0*  +  sin*  qp 

In  the  symmetric  plane-parallel  state 


1 


(23) 


sin*i|><* 

2  —  sin1  * 


(24) 


From  equations  (23)  and  (24)  it  follows  that  in  the  case  of  the 
plane-parallel  state  the  Poisson  ratio,  just  as  in  the  case  of 
uniaxial  extension  or  compression,  is  defined  in  terms  of  the  angle 
between  the  normal  to  the  applied  forces  and  the  direction  along 
which  deformation  equals  zero. 
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Knowing  the  Poisson  ratio,  we  can,  in  the  case  of  the  symmetric 
plane-parallel  state,  determine  from  (24)  the  angle  between  the 
normal  to  the  applied  forces  and  the  direction  along  which  the 
deformation  is  zero,  i.e.. 


$<0*  =  ±  arcsin 


(25) 


Having  determined  the  Poisson  ratio,  we  can  then  from  (18) 

determine  Young's  modulus  (but  for  this  we  must  know,  besides  dg  and 

d.,  the  sum  of  the  principal  directions),  i.e., 

J- 


(1,  +  <Xj) 

d,-d±  * 


(26) 


Thus,  for  the  plane-parallel  state  we  can  determine  the  elastic 
constants  from  three  x-ray  photographs  taken  of  the  stressed  specimen 
(at  angle  a,  at  angle  ( ir/2 )  +  a,  \p2;  and  in  the  direction  normal 
to  the  plane  of  the  principal  directions),  and  one  x-ray  photograph 
taken  of  the  unstressed  specimen. 
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